The purpose of this paper is twofold. The literature on rings with involution contains little about a Jordan ideal U of S, the set of symmetric elements; in fact, Herstein's work [2] on such ideals in a simple ring is one of the few results in this area. Therefore, we attempt in the first part of this paper to make an algebraic beginning into such a study for rings with proper involution, and with the properties: 2x = θ implies x = θ and 2A = A.
We introduce the notion of topological rings with property (Y), these being the analog of the semiprime rings of [1] with the property that for a closed proper two-sided ideal, 7, J*f(I) Φ (0). We show that for these rings and for annihilator rings (with certain conditions on convergence) that a closed Jordan ideal, U, of S is the intersection of S with a closed two-sided ideal of A.
We then apply these results to (i) a reproof of Herstein's result (for simple rings with proper involution) making use of the fact that the subring generated by S is A; (ii) showing that in the annihilator rings under discussion as well as for topological rings with property (Y) that SoS is dense in S (these results are related to results on the positive cone in Banach algebras); and (iii) considering relationships between minimal Jordan ideals of S and two-sided ideals of A, as well as relations concerning minimal idempotents and Jordan ideals. U°UcB by the last statement in Lemma 1, and the fact that
It readily follows that B is a right ideal, while se S, beB, and aeA implies that ((sb), a)j = s°(ί>, a)j + (&, -as)j the last assertion.
An involution, J, on A is proper if, and only if, xx J -θ xe A implies x = θ. Henceforth, our involution is proper. We note that this implies that there exists no nilpotent ideals, and thus by Herstein [2] no nil right or left ideals of bounded index of nilpotency. Thus the first part of the following lemma is immediate. The second follows since the involution is proper but we give a proof valid for semi-prime rings and independent of proper involution. LEMMA 
If xe S and xSx = (θ) then x = θ. Also, if W is a Jordan ideal of S and w 2 = θ for all w eW then W = (θ).
For all w e W, w 2 = θ implies that Wo W = (θ). Thus, w o (w o s) = 2wsw = θ for all se S, and so by the first statement we are done.
If C is a subset of A then &{C) = {b e A \ be = θ for all c e C}. Thus, xu = 6 and so ^(β)c^(ί/), Now let α G ^(# Π 17) and b e B, observing that (δ, l/2δ J ) J = δδ 7 e 17, we conclude that a δδ' 7 = 0. Thus, (^(a*)" 7 = (θ) and so x e ^(B), finishing the argument.
As ueB then (%, -fc)/G ?7 and so, by Theorem 1, we conclude that yk e ^{B Π U). Therefore, we have proved the first statement in the following.
THEOREM 2. J5?(B) is a two-sided ideal of A andj^(B) f] B = (θ).
To see that J^{B) Π B = (β) all we need note is that J*f(B) Π B is a right ideal with the property that x 2 = θ for all x e J*f(B) Π B.
3* Annihilator rings* Up to this point everything that has been done, has been done algebraically. Henceforth we assume that A is also a topological annihilator ring with continuous involution and the property that if {2x a } is a net convergent to θ eA then {x a } is also a net converging to θ. This latter remark guarantees that if {a a = s a + k a \ s a e S, k a e K} converges to an element in S then {s a } also converges to that element, and that if C £ S, B ϋ K and C + B is dense in A then C is dense in S and B is dense in K.
The definition of an annihilator ring says that for any closed
Now Theorem 2 has shown that J*f(B) + B = H is a right ideal and it is immediate that x e £f(H) implies x 2 = θ, and so by our previous reasoning with regards to nil left ideals we have that H is dense in A.
We make good use of the following lemma.
LEMMA 6. If U is a closed Jordan ideal of S then B is a closed right ideal in A.
Each (6 α , α)j-e C/, and ί7 is closed. Thus, (6, α)j e U or 6 G B. Henceforth, in this section U is a closed Jordan ideal in S. Now B is a two-sided ideal and so B J is two-sided also. Thus, and similarly for β. Thus the following is immediate.
or VAczU + V. Similarly, A(U + F) c F + F. Therefore, J7 + F is an ideal of A and is dense in its closure C, a closed ideal of A. Thus, U is dense in CίlS. But U is closed and so C = U + F, the latter is the closure of F. Now if BA is dense in B then given b e B there exists a net b a a a -+b and so 6 β (l/2)α β -1/26 and (l/2)a J a ¥ a ->l/2b J . Thus,
Hence, 1/2(6 + ¥) e U, or if 6 e B Π S then beU.
We define ί/j-= {x I xo% = θ for all ue U} 
But, b a -ba e B and so ab e H. Since, J*f(B) is a (two-sided) ideal we conclude that H is an ideal with Ao A Q H.
It is well-known that this implies that A 3 £ 5 or that H is dense in A.
COROLLARY 1. Let A be a topological ring with property (Y). Then I, a closed two-sided ideal of A, with Sf(I) -(#), implies that 1= A.
Note that in the last proof if one replaces H by / one concludes that J*f(I) = {θ) implies that i 3 g/ and hence the desired conclusion. Observing that this last corollary is the basis for much of the argument in § 3, we conclude that COROLLARY By Lemma 2, B is a right ideal and SBczB. By Herstein [2] , under these hypothesis, the subring generated by S is A and so B is a two-sided ideal. Now if B = (θ) then, by Lemma 2, £/Ό Z7 = (0) and so uS^ = (0) for each ue U. Now, as stated before, we have [/ = (θ). So, let J5 = A. Then for all α, 6 e A we have (α, 6) 7 e U. Thus in particular if s e S then (as, b)j = As A Π S c Ϊ7 and so U = S.
Let A be a topological ring with property (Y) then the conclusions of Theorem
In the literature on algebras there is interest as to when the cone P, generated in b¥, b e A, is such that P-P is dense in S. Here, we have not interested ourselves in algebras but rather in annihilator rings and we prove several results related to additive subgroups contained in P-P, the subgroup generated by the elements bb J , b e A. Note, that SoS, [S, K] and KoR are all subsets of P-P.
THEOREM 8. Let A be a topological ring with property (Y) or an annihilator ring with proper continuous involution, 2A = A, and the property that whenever the net 2x a -* 0 then x a -> 0, then we conclude that So S is dense in S.
We note that Sj = (θ). For, by Lemma 8, Sj = £f(S), and x e JSf (S) implies that xs = θ for any seSor x J xx J x -θ which yields the conclusion. Now, let te^f(SoS)Γ\S.
Then, since SoS is a Jordan ideal of S, by Theorem 2, we have that Jίf(SoS) is a twosided ideal. Thus, for every s e S ts + ste(SoS) n ^f{SoS) , which is (θ) by Lemma 5 and Theorem 1. Thus, teSj = (θ) or T(SoS) Π S = (0), and so ^(SoS) = (0). Therefore is a two-sided ideal of A and £f(C) = £f(C) c ^(S°S) = ^(SoS) = (θ). Thus, C is dense in A. So, the symmetric part of C; namely, SoS -S and we are done. that is, cϋΓ = θ. Thus, ceZ, the center of A and if the latter is (0) we conclude that W is dense in S. Thus we have proved THEOREM 
Let A be as in Theorem 8 and with zero center then Ko K + [S, K] is dense in S.
We are interested next in results concerning both minimal and minimal closed Jordan ideals of S for rings A of the previous sections.
THEOREM 10. Let U be a minimal Jordan ideal of S in a ring A of § 2. Then U is the intersection of S with a simple two-sided ideal.
Consider T = {t e U | [ί, K\ c U}. As U Φ (θ) by assumption we are guaranteed by Lemmas 1 and 2 that T Φ (θ). NOW, te T then t o s e T for all s e S as toseU and [to 8 , K\ = t<>[s, K] + [t, K] o s;
that is, T is a Jordan ideal of S. By minimality, T = Z7 or [Z7, JSΓJ c i7. Thus, forming F, the additive subgroup generated by the set {(u, a) L \ue U, aeA} we have U + F = C is a two-sided ideal of A. The latter is the same argument as in Theorem 5. Now, let / Φ (θ) be a two-sided ideal of C Then, H = CIC is a nonzero twosided ideal of A, Hal (the latter uses the fact that the involution is proper). Thus, H Π S = U. Therefore, for all u e U, a e A we have (u, a) L e H or C c H, completing the argument. We observe next that a topological sum of minimal closed Jordan ideals is a direct topological sum in the sense of Richart, [4] [3] , chapter 4) interected with S is contained in U.
Let U Φ (θ) be given. Then, B Φ (θ) and £f(B) is a two-sided ideal. Now, primitive implies prime and thus J^f(B) -(θ). Thus, every symmetric idempotent of Lemma 7 is in B. Let xeζ Π S x = Σ?=i βi^ = Σ?=i at*. Thus, x = Σ? =1 (e i9 (l/2)α i ) J G U. 
